It is proved that there are constants $c_{1}$, $c_{2}$, and $c_{3}$ such that for any set S of n points in the unit square and for any minimum-length tour T of S the sum of squares of the edge lengths of T is bounded by $c_{1} \log n$. (2) the number of edges having length t or greater in T is at most $c_{2}/t^{2}$, and (3) the sum of edge lengths of any subset E of T is bounded by $c_{3}|E|^{1/2}$. The second and third bounds are independent of the number of points in S, as well as their locations. Extensions to dimensions $d > 2$ are also sketched. The presence of the logarithmic term in (1) is engaging because such a term is not needed in the case of the minimum spanning tree and several analogous problems, and, furthermore, we know that there always exists some tour of S (which perhaps does not have minimal length) for which the sum of squared edges is bounded independently of n.
1. Introduction. The purpose of this note is to provide a priori bounds on quantities related to the edge lengths of an optimal traveling salesman (minimum-length) tour through n points in the unit square. By a priori we mean that the bounds are independent of the locations of the points.
Studies of a priori bounds were initiated by Verblunsky (1951) and Few (1955) . Few showed that for any set S of n points in the unit square, the length of an optimal traveling salesman tour of S is at most + 1.75. Few's result led to a series of improvements. culminating in Karloff (1989) , where it was shown that Few's constant could be reduced to less than .G oddyn (1990) improved similar results in higher dimensions. Our results continue in this tradition by giving a priori inequalities for three other quantities related to the edge lengths of an optimal traveling salesman tour.
The interest in and subtlety of our inequalities comes from the fact that, in contrast to the minimum spanning tree (MST) problem, optimal solutions to the traveling salesman problem (TSP) are not invariant under monotone transformations of the edge weights. Before (1990) in an application of the space-filling curve heuristic that one could obtain a result like (1.1) for the MST, but without the logarithmic factor, Although this result might make the logarithmic term of (1.1) seem disappointing, it is actually best possible since Bern and Eppstein (1993) recently showed that there exist a positive constant c and point sets S with ISl such that ZesT lel 2 >-c log ISI.
Part of the interest in these results comes from the fact that there are closely connected inequalities that exhibit strikingly different behavior from the optimal TSP tour. In particular, there is a constant c' and for all n there is a nonminimal length tour T' of S with SI n such that, for all n > 2, ZesT' [el 2 < c'. These tours can be obtained via the space-filling heuristic as noted in the discussion of the MST. Neumann (1982) showed that such tours can be obtained by appropriately generalizing the Pythagorean theorem, a construction that, upon reflection, almost parallels that of some space-filling curves.
The curious issue for the TSP is that although there is some tour T' that makes ZesT, lel 2 particularly small, the Bern and Eppstein (1993) result tells us that a traveling salesman tour T minimizing er !el need not do nearly so well. Because of the matroidal properties of the MST, these issues do not arise in its analysis" analyzing the optimal TSP is more difficult.
In For the case of and j 3, one obtains identical bounds on the change in the tour length when replacing e; and ei with aiai and bibj. Without loss of generality, the 2, j 3 and 1, j 3 cases are the only cases that need to be considered.
To complete the proof, note that any vertex shared by any of ei, %, and e;: can be replaced with two vertices that are viewed as being joined by an edge of length 0. The above analysis can then be applied as before without change to obtain a contradiction.
3. A priori edge-length bounds. We are now in position to prove our main results. Label the edges of an optimal tour T of {x, x2
x,, C [0, 112 in order as e, e2 e,.
We first construct disks Di of radius a leil and center at the midpoint of ei for each < < n, where a 1/13. Let i(') denote the indicator function of Di, i.e., for all x //?2, aPi(x) if x Di" otherwise gel(X) 0. Let A be the set of all such that r <_ leil < fir, where /3 3/2. We then claim that (3.1) 7ti ( 
